Deformation of dual Leibniz algebra morphisms by Yau, Donald
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DEFORMATION OF DUAL LEIBNIZ ALGEBRA
MORPHISMS
DONALD YAU
Abstract. An algebraic deformation theory of morphisms of dual Leib-
niz algebras is obtained.
1. Introduction
A Leibniz algebra, as introduced by Loday [10, 12], is a vector space R to-
gether with a bilinear binary operation [−,−] for which [−, z] is a derivation
for every z ∈ R. Thus, Leibniz algebras are non-commutative versions of
Lie algebras, which are Leibniz algebras whose brackets are skew-symmetric.
Algebraic deformations, in the sense of Gerstenhaber [5], of Leibniz algebras
have been studied by Balavoine [1, 2, 3]. In fact, the results in [3] applies to
algebras over any binary quadratic operad. Dual Leibniz algebras [11, 12],
also known as Zinbiel algebras, are the operadic dual [9] of Leibniz algebras,
and the operad that defines Zinbiel algebras is binary quadratic. In par-
ticular, Balavoine’s operadic approach to algebraic deformations applies to
Zinbiel algebras.
The purpose of this paper is to study algebraic deformations of morphisms
of Zinbiel algebras. In doing so, we use the results of Balavoine [3] freely.
Our results are analogous to those of Gerstenhaber and Schack [6, 7, 8],
who worked with morphisms and, more generally, diagrams of associative
algebras. We note that deformations of Lie algebra morphisms have been
studied by Nijenhuis and Richardson [13] and, more recently, by Fre´iger [4].
The rest of this paper is organized as follows. In Section 2, the defor-
mation complex C∗Zinb(f, f) of a morphism f of dual Leibniz algebras is
introduced. Deformations and their infinitesimals of a morphism f are in-
troduced in Section 3. Given a deformation, its infinitesimal is identified
with a 2-cocycle in the deformation complex, whose cohomology class is
determined by the equivalence class of the deformation (Theorem 3.3).
A morphism f is said to be rigid if every deformation of it is equiv-
alent to the trivial deformation. In Section 4, a cohomological criterion
for rigidity is given. More precisely, it is shown that the vanishing of
H2Zinb(f, f) = H
2(C∗Zinb(f, f)) implies that f is rigid (Theorem 4.1 and
Corollary 4.2). Since every infinitesimal is a 2-cocycle, it is natural to ask,
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given a 2-cocycle, under what condition is it the infinitesimal of a deforma-
tion. This question is considered in Section 5 and Section 6. It is shown
that there is an associated sequence of obstruction 3-cocycles (Lemma 5.3).
The simultaneous vanishing of their cohomology classes is equivalent to the
existence of a deformation with the given 2-cocycle as its infinitesimal (The-
orem 5.4). In particular, the existence of such a deformation is guaranteed
if H3
Zinb
(f, f) is trivial (Corollary 5.5).
The results in [3] will be used below, often implicitly, whenever we are
dealing with a deformation of an individual Zinbiel algebra.
2. Deformation complex
Before we introduce the deformation complex of a morphism, we briefly
review the relevant definitions from [11, 12] concerning dual Leibniz algebras
and their cohomology.
2.1. Dual Leibniz algebra. Throughout this paper we work with an arbi-
trary but fixed field K. A dual Leibniz algebra [11, 12], or a Zinbiel algebra,
is a K-vector space R which comes equipped with a K-bilinear binary op-
eration R⊗2 → R, (x, y) 7→ x · y, satisfying the dual Leibniz identity
(x · y) · z = x · (y · z) + x · (z · y) (2.1.1)
for x, y, z ∈ R. Sometimes we write mR(x, y) for the product x · y and
(R,mR) for the dual Leibniz algebra if there are at least two dual Leibniz
algebras under consideration.
If R and S are Zinbiel algebras, then a morphism f : R→ S is a K-linear
map of the underlying vector spaces that respects the products, in the sense
that f(x · y) = f(x) · f(y) for x, y ∈ R.
Let R be a Zinbiel algebra. An R-bimodule is aK-vector space A together
with K-bilinear operations R ⊗ A → A, (r, a) 7→ r · a, and A ⊗ R → A,
(a, r) 7→ a · r, such that (2.1.1) holds whenever exactly one of x, y, z is from
A and the others from R. For example, if g : R→ S is a morphism of Zinbiel
algebras, then S can be given an R-bimodule structure, where R⊗S → S is
defined by (r, s) 7→ r ·s = g(r) ·s and similarly for S⊗R→ S. In particular,
when g is the identity map on R, this gives an R-bimodule structure on R.
2.2. Low dimensional cohomology. Let R be a Zinbiel algebra and let
A be an R-bimodule. For the purpose of studying algebraic deformations,
only low dimensional cohomology is needed, which we now recall. Define a
cochain complex (C∗
Zinb
(R,A), d), 1 ≤ ∗ ≤ 4, as follows. For 1 ≤ n ≤ 4, set
CnZinb(R,A) = HomK(R
⊗n, A).
For 1 ≤ i ≤ 3, define the maps
di : CiZinb(R,A)→ C
i+1
Zinb
(R,A)
DEFORMATION OF DUAL LEIBNIZ ALGEBRA MORPHISMS 3
by:
(d1ϕ)(x, y) = x · ϕ(y) − ϕ(x · y) + ϕ(x) · y,
(d2ϕ)(x, y, z) = x · (ϕ(y, z) + ϕ(z, y)) − ϕ(x · y, z)
+ ϕ(x, y · z + z · y) − ϕ(x, y) · z,
(d3ϕ)(x, y, z, w) = x · {ϕ(y, z, w) − ϕ(z, w, y) + ϕ(z, y, w) − ϕ(w, z, y)}
− ϕ(x · y, z, w) + ϕ(x, y · z + z · y,w)
− ϕ(x, y, z · w + w · z) + ϕ(x, y, z) · w.
It is easy to check directly that di+1di = 0 for i = 1, 2, and so
(C∗
Zinb
(R,A), d), 1 ≤ ∗ ≤ 4, is a cochain complex, which is usually ab-
breviated to C∗
Zinb
(R,A). For n = 2, 3, the cohomology group Hn
Zinb
(R,A)
of R with coefficients in the bimodule A is defined to be Hn(C∗
Zinb
(R,A)).
2.3. Deformation complex of a morphism. Throughout the rest of this
paper, f : R → S denotes an arbitrary but fixed morphism of Zinbiel alge-
bras. We consider S also as an R-bimodule via f wherever appropriate.
Setting C0Zinb(R,S) = 0, we define the vector spaces C
n
Zinb(f, f) for 1 ≤
n ≤ 4 as
CnZinb(f, f)
def
= CnZinb(R,R)× C
n
Zinb(S, S)× C
n−1
Zinb
(R,S). (2.3.1)
For 1 ≤ i ≤ 3, the differential dif : C
i
Zinb
(f, f)→ Ci+1
Zinb
(f, f) is defined by
dif (ξ;pi;ϕ)
def
= (diξ; dipi; fξ − pif − di−1ϕ). (2.3.2)
Here fξ, pif ∈ Ci
Zinb
(f, f) are the push-forwards given by
(fξ)(x1, . . . , xi) = f(ξ(x1, . . . , xi))
(pif)(x1, . . . , xi) = pi(f(x1), . . . , f(xi))
for x1, . . . , xi ∈ R.
Lemma 2.4. For i = 1, 2, we have di+1f d
i
f = 0.
Proof. For i = 1, 2, we already know that di+1di = 0 in both R and S.
Thus, to prove the Lemma, it remains to show that the third component of
di+1f d
i
f (ξ;pi;ϕ), namely, f(d
iξ)−(dipi)f−di(fξ−pif−di−1ϕ), is equal to 0. A
straightforward inspection shows that f(diξ) = di(fξ) and (dipi)f = di(pif).
This is enough, since didi−1 = 0 in C∗
Zinb
(R,S) as well. 
In view of Lemma 2.4, we have a cochain complex (C∗
Zinb
(f, f), df ) (1 ≤
∗ ≤ 4). We call this the deformation complex of f . For n = 2, 3, define
HnZinb(f, f) := H
n(C∗Zinb(f, f), df ).
The deformation complex and its cohomology groups will be used in the
following sections to describe the behavior of f with respect to algebraic
deformations.
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We will often use the shorter notation C∗Zinb(f, f) to denote the deforma-
tion complex. Since C0Zinb(R,S) = 0 by definition, we will denote elements
in C1
Zinb
(f, f) by pairs (ξ, pi) ∈ C1
Zinb
(R,R)× C1
Zinb
(S, S).
3. Deformation and infinitesimal
Fix a morphism f : R → S of dual Leibniz algebras. Write mR (respec-
tively, mS) for the binary operation in R (respectively, S). In what follows,
t will denote an indeterminate. As stated in the Introduction, we will use
the results in [3] concerning deformations of Zinbiel algebras freely.
3.1. Deformation. A deformation of f is a power series Θt =
∑
∞
i=0 θit
i,
in which θ0 = (mR;mS ; f) and each θi = (mR,i;mS,i; fi) ∈ C
2
Zinb
(f, f),
satisfying the following conditions:
(1) MR,t =
∑
∞
i=0mR,it
i is a deformation of R, i.e.
MR,t(MR,t(x, y), z) = MR,t(x,MR,t(y, z)) +MR,t(x,MR,t(z, y)) (3.1.1)
for all x, y, z ∈ R.
(2) MS,t =
∑
∞
i=0mS,it
i is a deformation of S.
(3) Ft =
∑
∞
i=0 fit
i is a morphism of dual Leibniz algebras
(R[[t]],MR,t)→ (S[[t]],MS,t). Equivalently,
Ft(MR,t(x, y)) = MS,t(Ft(x), Ft(y)) (3.1.2)
for all x, y ∈ R.
Instead of thinking of Θt as a power series in which each coefficient is a
triple, we will sometimes treat it as a triple whose components are power
series and write Θt = (MR,t;MS,t;Ft).
Note that, given 2-cochains m∗,i ∈ C
2
Zinb
(∗, ∗) (∗ = R,S) with m∗,0 = m∗,
M∗,t =
∑
∞
i=0m∗,it
i is a deformation if and only if
n∑
l=0
m∗,l(m∗,n−l(x, y), z) =
n∑
l=0
m∗,l(x,m∗,n−l(y, z)+m∗,n−l(z, y)) (3.1.1n)
for x, y, z ∈ ∗ and all n ≥ 0. Likewise, the condition (3.1.2) is equivalent to
n∑
i=0
fimR,n−i(x, y) =
∑
i+j+k=n
mS,i(fj(x), fk(y)) (3.1.2n)
for x, y ∈ R and all n ≥ 0.
A formal isomorphism of f is a power series Φt =
∑
∞
i=0(φR,i;φS,i)t
i,
in which (φR,0;φS,0) = (IdR; IdS) and each (φR,i;φS,i) ∈ C
1
Zinb(f, f) =
C1
Zinb
(R,R)× C1
Zinb
(S, S). We will also denote Φt by (ΦR,t; ΦS,t).
Let Θt =
∑
∞
i=0 θit
i, θi = (mR,i;mS,i; f i), be another deformation of f .
Then we say that the deformations Θt and Θt are equivalent if and only if
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there exists a formal isomorphism Φt = (ΦR,t; ΦS,t) of f such that
MR,t :=
∞∑
i=0
mR,it
i = ΦR,tMR,tΦ
−1
R,t, (3.1.3a)
MS,t :=
∞∑
i=0
mS,it
i = ΦS,tMS,tΦ
−1
S,t, (3.1.3b)
F t :=
∞∑
i=0
f it
i = ΦS,tFtΦ
−1
R,t. (3.1.3c)
In this case, we write Θt = ΦtΘtΦ
−1
t . Conversely, given only a deformation
Θt and a formal isomorphism Φt, one can define another deformation, Θt :=
ΦtΘtΦ
−1
t , using (3.1.3). The resulting deformation is equivalent to Θt via
Φt.
The trivial deformation of f is the deformation Θt = θ0 = (mR;mS ; f).
The morphism f is said to be rigid if and only if every deformation of f is
equivalent to the trivial deformation.
3.2. Infinitesimal. Let Θt =
∑
∞
i=0 θit
i be a deformation of f . Its linear
coefficient θ1 = (mR,1;mS,1; f1) is called the infinitesimal.
Theorem 3.3. The infinitesimal θ1 is a 2-cocycle in C
2
Zinb
(f, f). More
generally, if θi = 0 for i = 1, 2, . . . , l, then θl+1 is a 2-cocycle. Moreover, the
cohomology class of θ1 is well defined by the equivalence class of Θt.
Proof. Since mR,1 is the infinitesimal of the deformation MR,t of R, it is a
2-cocycle in C2Zinb(R,R). The condition (3.1.2)1 is equivalent to (fmR,1 −
mS,1f − d
1f1) = 0. Therefore, θ1 is a 2-cocycle. The argument for the
assertion concerning θl+1 is similar, using (3.1.2)l+1 instead.
For the last assertion, let Φt be a formal isomorphism of f and Θt =
(MR,t;MS,t;F t) = ΦtΘtΦ
−1
t be a deformation that is equivalent to Θt. Then
(mR,1 −mR,1) = d
1φR,1 and similar for S. Computing modulo t
2, we have
F t(x) ≡ (IdS +φS,1t)(f + f1t)(x− φR,1(x)t)
≡ f(x) + (f1(x) + φS,1(f(x))− f(φR,1(x)))t.
In particular, we have f1− f1 = fφR,1−φS,1f , which implies that θ1− θ1 =
d1f (φR,1;φS,1), a 2-coboundary in C
2
Zinb
(f, f). 
4. Cohomological criterion for rigidity
In this section, we obtain a simple cohomological criterion for the rigidity
of the morphism f . This will follow easily from the Theorem below.
Theorem 4.1. Let Θt = θ + θlt
l + θl+1t
l+1 + · · · be a deformation of f for
some l ≥ 1 such that θl is a 2-coboundary in C
2
Zinb
(f, f). Then there exists
a formal isomorphism Φt of f of the form Φt = (IdR+φRt
l; IdS +φSt
l) for
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some φR ∈ C
1
Zinb
(R,R) and φS ∈ C
1
Zinb
(S, S), such that the deformation
Θt =
∑
∞
i=0 θit
i := ΦtΘtΦ
−1
t satisfies θi = 0 for 1 ≤ i ≤ l.
Proof. By hypothesis, there exists a 1-cochain (φR;φS) ∈ C
1
Zinb(f, f) such
that
θl = (mR,l;mS,l; fl)
= d1(φR;φS)
= (d1φR; d
1φS ; fφR − φSf).
Define the formal isomorphism Φt = (IdR+φRt
l; IdS +φSt
l) and the de-
formation Θt = (MR,t;MS,t;F t) = ΦtΘtΦ
−1
t . ThenMR,t =
∑
∞
i=0mR,it
i
satisfies mR,i = 0 for 1 ≤ i ≤ l. The same holds with S in place of R.
Computing modulo tl+1, we have
F t(x) ≡ (IdS +φSt
l)(f + flt
l)(x− φR(x)t
l)
≡ f(x) + (fl(x) + φS(f(x))− f(φR(x)))t
l
≡ f(x).
Therefore, f i = 0 for 1 ≤ i ≤ l, from which the Theorem follows. 
The promised criterion for rigidity is now an immediate consequence of
Theorem 3.3 and Theorem 4.1.
Corollary 4.2. If H2
Zinb
(f, f) = 0, then f is rigid.
5. Extending 2-cocycles to deformations
By Theorem 3.3, every infinitesimal is a 2-cocycle in the deformation
complex of f : R → S. It is, therefore, natural to ask if a given 2-cocycle
can be realized as the infinitesimal of some deformation. In this section, we
identify the obstructions for the existence of such a deformation. We begin
with some definitions.
5.1. Deformations of finite order. Let N denote a positive integer or∞.
By a deformation of order N of f , we mean a power series Θt =
∑N
i=0 θit
i,
in which θ0 = (mR;mS ; f) and each θi = (mR,i;mS,i; fi) ∈ C
2
Zinb
(f, f),
satisfying (1) - (3) in Section 3.1 modulo tN+1 (where t∞ = 0). In other
words, (3.1.1n) (∗ = R,S) and (3.1.2n) hold for x, y, z ∈ R and 0 ≤ n ≤
N . Just as before, we will also write Θt = (MR,t;MS,t;Ft), where Ft =∑N
i=0 fit
i.
If Θt is a deformation of order N < ∞, then we say that it extends
to order N + 1 if and only if there exists θN+1 ∈ C
2
Zinb
(f, f) such that
Θ˜t := Θt + θN+1t
N+1 is a deformation of order N + 1. In this case, Θ˜t is
called an order N + 1 extension of Θt.
A deformation of order ∞ is just a deformation. If θ1 ∈ C
2
Zinb
(f, f) is a
2-cochain, then Θt = θ + θ1t is a deformation of order 1 if and only if θ1
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is a 2-cocycle. Thus, to answer the question discussed at the beginning of
this section, it suffices to find the obstructions to extending a deformation
of order N to one of order N + 1 for 1 ≤ N <∞.
5.2. Obstructions. Now let Θt =
∑N
i=0 θit
i be a deformation of order N <
∞. Consider the 3-cochain
ObΘ = (ObR; ObS ; Obf ) ∈ C
3
Zinb(f, f) (5.2.1)
whose components are defined as follows. For ∗ = R,S and x, y, z ∈ R, set
Ob∗(x, y, z) =
N∑
i=1
m∗,i(m∗,N+1−i(x, y), z)
−
N∑
i=1
m∗,i(x,m∗,N+1−i(y, z) +m∗,N+1−i(z, y))
Obf (x, y) =
∑′
mS,i(fj(x), fk(y)) −
N∑
i=1
fimR,N+1−i(x, y),
where ∑′
=
∑
i+j=N+1
k=0
i,j > 0
+
∑
i+k=N+1
j=0
i,k > 0
+
∑
j+k=N+1
i=0
j,k> 0
+
∑
i+j+k=N+1
i,j,k> 0
.
The 3-cochain ObΘ is called the obstruction class of Θt.
Lemma 5.3. The obstruction class ObΘ is a 3-cocycle in C
3
Zinb
(f, f).
The proof of this Lemma is a long but elementary computation, a sketch
of which will be given in the next section. The following Theorem does not
depend on Lemma 5.3.
Theorem 5.4. Let Θt be a deformation of order N < ∞ and θN+1 =
(mR,N+1;mS,N+1; fN+1) be a 2-cochain in C
2
Zinb
(f, f). Then Θ˜t := Θt +
θN+1t
N+1 is an order N + 1 extension of Θt if and only if ObΘ = d
2
fθN+1.
Proof. Write Θt = (MR,t;MS,t;Ft) and Θ˜t = (M˜R,t; M˜S,t; F˜t). Then Θ˜t is a
deformation of order N+1 if and only if the following three conditions hold:
(1) M˜R,t =MR,t +mR,N+1t
N+1 is an order N + 1 extension of MR,t.
(2) M˜S,t =MS,t +mS,N+1t
N+1 is an order N + 1 extension of MS,t.
(3) The condition (3.1.2)N+1 holds.
Condition (1) (respectively, (2)) is equivalent to ObR = d
2mR,N+1 (respec-
tively, ObS = d
2mS,N+1). Moreover, by a simple rearrangement of terms, it
is easy to see that (3.1.2)N+1 is equivalent to Obf = (fmR,N+1−mS,N+1f−
d1fN+1). This finishes the proof of the Theorem. 
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In particular, assuming Lemma 5.3 for the moment, Θt extends to order
N + 1 if and only if the cohomology class of ObΘ vanishes. Starting with a
2-cocycle and applying Lemma 5.3 and Theorem 5.4 repeatedly, we imme-
diately obtain the following cohomological criterion for extending 2-cocycles
to deformations.
Corollary 5.5. If H3
Zinb
(f, f) is trivial, then every 2-cocycle in C2
Zinb
(f, f)
is the infinitesimal of some deformation of f .
We now turn to the proof of Lemma 5.3.
6. Sketch of the proof of Lemma 5.3
In this final section, we give a sketch of the proof of Lemma 5.3.
We need to show that the obstruction class ObΘ of Θt is a 3-cocycle in the
deformation complex of f . We already know that ObR (respectively, ObS)
is a 3-cocycle in C3Zinb(R,R) (respectively, C
3
Zinb(S, S)). Thus, it remains to
show that
f ObR − ObS f = d
2Obf (6.0.1)
in C3Zinb(R,S).
To see this, let x, y, z be elements in R. Then the left-hand side of (6.0.1)
gives
(f ObR − ObS f)(x, y, z)
=
∑
fmR,i(mR,N+1−i(x, y), z) (6.0.2a)
−
∑
fmR,i(x,mR,N+1−i(y, z) +mR,N+1−i(z, y)) (6.0.2b)
−
∑
mS,i(mS,N+1−i(f(x), f(y)), f(z)) (6.0.2c)
+
∑
mS,i(f(x),mS,N+1−i(f(y), f(z))) (6.0.2d)
+
∑
mS,i(f(x),mS,N+1−i(f(z), f(y))), (6.0.2e)
where each sum is
∑N
i=1. On the other hand, the right-hand side of (6.0.1)
gives
(d2Obf )(x, y,z)
= f(x) ·Obf (y, z) + f(x) ·Obf (z, y) (6.0.3a)
− Obf (x · y, z) (6.0.3b)
+ Obf (x, y · z + z · y) (6.0.3c)
− Obf (x, y) · f(z). (6.0.3d)
The rest of the proof is an elementary computation that involves expanding
and rewriting the terms (6.0.3a), . . . , (6.0.3d), using (3.1.1n) and (3.1.2n)
for various vales of n repeatedly, and observing that their sum is the sum of
(6.0.2a), . . . , (6.0.2e).
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For example, consider (6.0.3c). By the definition of Obf and the linearity
of fk (k ≥ 0), we have
Obf (x, y · z + z · y)
=
∑
i+j=N+1
i,j > 0
mS,i(fj(x), f(y · z) + f(z · y)) (6.0.4a)
+
∑
i+k=N+1
i,k > 0
mS,i(f(x), fk(y · z) + fk(z · y)) (6.0.4b)
+
∑
j+k=N+1
j,k> 0
fj(x) · (fk(y · z) + fk(z · y)) (6.0.4c)
+
∑
i+j+k=N+1
i,j,k> 0
mS,i(fj(x), fk(y · z) + fk(z · y)) (6.0.4d)
−
N∑
i=1
fimR,N+1−i(x, y · z + z · y). (6.0.4e)
The term (6.0.4d) needs to be expanded. Using (3.1.2)k, we have that
fk(y · z) + fk(z · y)
=
∑
a+b+c= k
(
mS,a(fb(y), fc(z)) + mS,a(fb(z), fc(y))
)
−
k−1∑
l=0
(flmR,k−l(y, z) + flmR,k−l(z, y)) .
Putting this back into (6.0.4d), we have∑
i+j+k=N+1
i,j,k> 0
mS,i(fj(x), fk(y · z) + fk(z · y))
=
∑
i+j+k=N+1
i,j,k> 0
∑
a+b+c= k
mS,i(fj(x),mS,a(fb(y), fc(z)) + mS,a(fb(z), fc(y)))
(6.0.5a)
−
∑
i+j+k=N+1
i,j,k> 0
k−1∑
l=0
mS,i(fj(x), flmR,k−l(y, z) + flmR,k−l(z, y)). (6.0.5b)
Therefore, (6.0.3c) can be rewritten as the sum of (6.0.4a), (6.0.4b), (6.0.4c),
(6.0.4e), (6.0.5a), and (6.0.5b).
The same type of argument can be applied to (6.0.3b). Once this is done,
one writes down the terms (6.0.3a) and (6.0.3d) using the definition of Obf .
The required condition (6.0.1) will then follow immediately.
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